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INHOMOGENEOUS ELASTIC MEDIUM WITH NONLOCAL INTERACTION 

I. A.  Kunin  

Z h u r n a l  P r i k l a d n o i  M e k h a n i k i  i T e k h n i c h e s k o i  F i z i k i ,  Vol .  8, No.  3, pp.  6 0 - 6 6 ,  1967 

In [1] the author examined a macroscopically homogeneous elastic 
medium of simple structure with spatial dispersion. In that case the 
assumption of the existence of an elementary unit of length and long- 
range forces conditioned the noniocalizability of the theory, and the 
macroscopic homogeneity was manifested in the invariance of the in- 
tegral operators under shear (difference kernels). 

In this paper the more general model of an inhomogeneous elastic 
medium of simple structure with nonlocal interaction is constructed. 
In w 1 the existence of a symmetric stress tensor is proved with broad 
assumptions, and the corresponding operator Hooke's law is written 
down. As a corollary, the usual expression for the energy density is 
obtained. In w the case of point defects is considered. An explicit 
expression is found for the Green's tensor for a medium with point 
defects in terms of the Green's tensor for the homogeneous medium. 
with the help of the Green's tensor the self-energy of the defect and 
the energy of the interaction force are calculated. 

1. AS in [1], we  wi l l  a s s u m e  tha t  t h e  s t a t e  of t he  

m e d i u m  i s  c o m p l e t e l y  d e t e r m i n e d  by s p e e i f y i n g  the  
d i s p l a c e m e n t  f i e l d  u a (x) (c~ = 1 , 2 , 3 ) ( s i m p l e  s t r u c t u r e ) ,  

w h e r e  x i s  a poin t  of t he  m e d i u m .  We  i n t r o d u c e  the  

no ta t ion  

--(~):$1u(k)(l)(k,k')S(,~')dkdk'=(/lr (1.1)  

w h e r e  u, f ,  ~ m u s t  s a t i s f y  c e r t a i n  c o n s t r a i n t s  of a 
f u n c t i o n - t h e o r y  n a t u r e  f o r  the  c o r r e s p o n d i n g  f u n c t i o n -  

a l s  to be  m e a n i n g f u l .  
H e r e  and in wha t  f o l l o w s  u(k) d e n o t e s  t he  F o u r i e r  

t r a n s f o r m  of u(x), wh ich  i s  to  be  u n d e r s t o o d ,  i f  n e -  
c e s s a r y ,  in the  s e n s e  of g e n e r a l i z e d  func t ions ;  ~(k ,  k t) 
i s  t he  F o u r i e r  t r a n s f o r m  of ~(x ,  x t) wi th  r e s p e c t  to x 
and the  F o u r i e r  o r i g i n a l  wi th  r e s p e c t  to  xT; ~+(k,  k ~) = 
r  kT), w h e r e  the  b a r  d e n o t e s  c o m p l e x  con juga t i on .  

In th i s  n o t a t i o n  the  m o s t  g e n e r a l  m o d e l  of an in -  
h o m o g e n e o u s  l i n e a r - e l a s t i c  m e d i u m  of s i m p l e  s t r u c -  
t u r e  i s  d e s c r i b e d  by the  L a g r a n g i a n  

2L=(u~' lpg~[u~'>-- /u~lCP~'~lu~} + 2 Zu~[q~>. (1 .2)  

H e r e ,  p(x) i s  the  d e n s i t y ,  gaff(x) the  m e t r i c  t e n s o r ,  
qa (x )  the  e x t e r n a l  f o r c e  d e n s i t y ,  and r x i) the  

k e r n e l  of the  e l a s t i c  e n e r g y  o p e r a t o r ,  which  m a y  a l s o  
be  i n t e r p r e t e d  as  the f o r c e  cons t an t  m a t r i x  [1]. Ob-  
v i o u s l y ,  in th i s  c a s e  the  H e r m i t i a n  cond i t ion  �9 = (~+ 
m u s t  be s a t i s f i e d  o r ,  in m e r e  d e t a i l e d  f o r m ,  

�9 ~ (x, x') = (I) ~ (x', x), r (k, U) = r (k', k). (1 .3)  

The  c o r r e s p o n d i n g  e q u a t i o n s  of m o t i o n  have  the 

f o r m  

9 (x) Z ~..~ (,) u:/" (c) - -  f (l)~'~ (r, ~.') u:~ (z') d.,:' = q~ (.1:). (1 .4)  

In [1] it  was  shown tha t  in a h o m o g e n e o u s  m e d i u m  
of s i m p l e  s t r u c t u r e  wi th  n o n l o c a l  i n t e r a c t i o n  i t  i s  p o s -  
s i b l e  to  i n t r o d u c e  a s y m m e t r i c  s t r e s s  t e n s o r .  T h i s  
c o n c l u s i o n  i s  not  c o m p l e t e l y  t r i v i a l ,  s i n c e  in m a n y  
s t u d i e s  ( s e e ,  f o r  e x a m p l e ,  [ 2 - 5 ] )  i t  has  b e e n  a s s e r t e d  
tha t  i f  in a m e d i u m  of s i m p l e  s t r u c t u r e  t h e  d e p e n d e n c e  

of t h e  e n e r g y  not  only  on the  s t r a i n  but  a l s o  on the  
s t r a i n  g r a d i e n t  i s  t a k e n  in to  a c c o u n t ,  i t  i s  n e c e s s a r y  
to i n t r o d u c e  an a s y m m e t r i c  s t r e s s  t e n s o r .  (I t  can  be  
shown tha t  such  a m o d e l  c o r r e s p o n d s  to  m a k i n g  an 
a p p r o x i m a t e  a l l o w a n c e  f o r  n o n l o e a l i z a b i l i t y - w e a k  
s p a t i a l  d i s p e r s i o n . )  A s i m i l a r  p r o b l e m  a r i s e s  in t h e  

c a s e  of an  i n h o m o g e n e o u s  m e d i u m  wi th  n o n l o c a l  i n -  

t e r a c t i o n .  
We  w i l l  s t a r t  by  a s s u m i n g  tha t  t he  m e d i u m  is  i n -  

h o m o g e n e o u s  only  in a f i n i t e  r e g i o n .  T h e n  in a 
C a r t e s i a n  c o o r d i n a t e  s y s t e m  we  h a v e  the  un ique  

r e p r e s e n t a t i o n  

r  (x, x') = CJ~ (x --x') + r162 (x, =c'), 

p (x) = p~ + pl ( z ) ,  ( i .  5) 

w h e r e  ~0afl(x) and P0 a r e  the  c h a r a c t e r i s t i c s  of the  ho-  
m o g e n e o u s  m e d i u m ,  and the  f u n c t i o n s  ~ l a f i ( x ,  x v) and 

pl(x) a r e  f in i t e .  
T h e o r e m .  In an i n h o m o g e n e o u s  m e d i u m  of s i m p l e  

s t r u c t u r e  wi th  n o n l o c a l  i n t e r a c t i o n ,  g i v e n  the  a s s u m p -  
t i on  of  (1.5),  we can  i n t r o d u c e  a s y m m e t r i c  s t r e s s  t e n s o r  
l i n k e d  wi th  t he  s t r a i n  t e n s o r  by the  o p e r a t o r  H o o k & s  
l aw,  t o g e t h e r  w i th  t h e  e n e r g y  d e n s i t y  e x p r e s s e d  as  

u s u a l  in t e r m s  of s t r e s s  and s t r a i n .  
P r o o f .  F r o m  t h e  c o n d i t i o n s  of i n v a r i a n c e  of the  

e n e r g y  u n d e r  t r a n s l a t i o n  and r o t a t i o n  i t  f o l l o w s  tha t  

~0c~fi(k, k ' )  c an  be  r e p r e s e n t e d  [1] in t he  f o r m  

Oo ~ (k, k') = kvk~. c , / ~  (k) 6 (k - -  k ' ) ,  (1.6)  

w h e r e  CoUaPfi(k) i s  a t e n s o r  s y m m e t r i c a l  w i th  r e s p e c t  
to t he  f i r s t  p a i r  of i n d i c e s ,  and c0Va#fi(0) i s  t he  t e n s o r  
of t he  e l a s t i c  c o n s t a n t s  of t he  l o n g w a v e  a p p r o x i m a t i o n  

s y m m e t r i c a l  w i th  r e s p e c t  to  t he  p a i r s  v a ,  #fi and t h e i r  
t r a n s p o s i t i o n .  We wi l l  show tha t  i t  i s  p o s s i b l e ,  w i thou t  
l o s s  of  g e n e r a l i t y ,  to a s s u m e  tha t  CoUaPfi(k) i s  a l s o  
s y m m e t r i c a l  w i th  r e s p e c t  to  t he  s e c o n d  p a i r  and H e r -  
m i t i a n  wi th  r e s p e c t  to  t r a n s p o s i t i o n  of the  p a i r s .  (Th is  

p o s s i b i l i t y  was  no t  n o t i c e d  in [1]. ) 
We a s s u m e  tha t  t h i s  i s  not  the  c a s e ;  t hen  l e t  

c."~: ~',~ (k) = co '~<~) (k) -? c., "~[~'~l (k). (1 .7)  

H e r e ,  the  p a r e n t h e s e s  and the b r a c k e t s  d e n o t e ,  a s  
usua l ,  s y m m e t r i z a t i o n  and a n t i s y m m e t r i z a t i o n .  Ob-  

v i o u s l y ,  c0Va[#fi](0) = 0 and,  c o n s e q u e n t l y ,  t a k i n g  into  

a c c o u n t  t he  a n a l y t i c i t y  of c0VC~Pfi(k) 

co "~['.~~'J (k) =/~/.#~:~.:~z (k) , (1.8)  
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where  coVa#fi(k) is a t enso r  a n t i s y m m e t r i c  with r e -  
spect  to gfi. The cor respond ing  exp re s s ion  for  the 
e las t ic  energy  ~0 can now be wr i t t en  in the fo rm 

2~o = <u~ Ir ~ [ u~> = 

Here ,  ave(k) = - i k ( v u  ~)(k) is  the s t r a in ,  a~fi(k) = 
= -ik[#u/?] (k) the ro ta t ion .  The f i r s t  t e r m  in the r igh t  

side of (1.9) wil l  not change if Co vc~ (p/3)(k) is r ep laced  
by a t enso r  

i [c0~(~ ) + Co~.~)~] (1.10) alums8 = - ~ -  

having the n e c e s s a r y  s y m m e t r y .  Taking into account 
the ident i ty  kxf~/g3(k) = 2k[#efi]X, we r ewr i t e  the second 
t e r m  of (1.9) in the fo rm 

where  

a~P'~ = T kx (co ~:z~ 4- co ~x~ @ Co ~ @ Co ~x~) (1.11) 

a lso  has the s y m m e t r y  of alVa#ft. Final Iy ,  combining  
the two t e r m s ,  we obtain the r e q u i r e d  r e su l t .  

We now tu rn  to the t e r m  ~lafi(x,  x') in (1.5). F r o m  
the a s sumpt ion  that  i t  is f ini te  it  follows that ~ic~fi(k, k') 
is an en t i r e  analyt ic  function of k, k ' .  By means  of 
r eason ing  s i m i l a r  to that conducted in [1], it  is  easy 
to show that the condit ion of i nva r i ance  of the energy 
under  t r a n s l a t i o n  is  equivalent  to the r e q u i r e m e n t  that 
(~lafi(k, k ')  be r e p r e s e n t a b l e  in  the fo rm 

q ) ~  (k, k') = k ~ k ~ . ' ~  (k, k'). (1.12) 

Here  ~afiV#(k, k') is an en t i re  analyt ic  function which 
is uniquely de t e rmined  by the ass igned  value of 
�9 lafi(k, k') and sa t i s f ies  the He rmi t i an  condit ions 

~ (k, k') = ~ x  (k', k). (1.13) 

Let the med ium be subjected to the action of some 
equi l ib ra ted  sys t em of ex te rna l  forces  and let  ufi(k) 

' be the cor responding  d i sp lacement .  Then f rom the 
r e q u i r e m e n t  of i nva r i ance  of the energy  under  fu r the r  
ro ta t ion  of the med ium as a whole we find the condit ion 
on ~afivg (the t e n s o r  c0V~P/3 sa t i s f i e s  this  condit ion):  

Here,  ~ *(k)= ava 6(k) is the i n f in i t e s ima l  ro ta t ion  
given by the a n t i s y m m e t r i c  t enso r  ava .  It follows f rom 
(1.14) that the t enso r  

~ , ~  (k') = ~ - ~  (0, k') (1.15) 

is s y m m e t r i c  with r e spec t  to the indices  ua .  
We wr i te  ~~ k') in the fo rm 

~ ' ~  (k, k') = ~:d ~'~ (k') + ~. ,_~ (k, k ' ) ,  (1.16) 

where ,  obviously,  ~2afiv#(0, k ' ) =  0. Consequent ly ,  

~;~',~ (k, k') = kx~'~',~ �9 (k, k'). (1.17) 

In this  case  of the unique de t e rmina t ion  of 
~~ k') f rom a given ~ic~fi(k, k') it is  n e c e s s a r y  
to r e q u i r e  s y m m e t r y  with r e s p e c t  to the indices  vX. 

We wil l  de t e rmine  the t enso r  

cl~P '~ (k, k') = ~ l ~ , ~  (k') + kx [r : ~ ' ~  (k, k') -t- 

+ ~ ~x~ (k, k') - -  ~2~ '~  (k, k')l. (1.18) 

F r o m  the p rope r t i e s  of ~1 ~ and ~2 ~ the re  
follows the s y m m e t r y  of ciVa#fi with r e spe c t  to the 
f i r s t  pa i r  of indices .  

The ident i ty  

ff)i ~ (k, k') = k ~ k ~ ' ~  (k, k') ---- k,k~'cl ~:~'~ (k, k') (1.19) 

is d i rec t ly  ver i f ied .  
Calcula t ions  s i m i l a r  to those for co va#13 show that 

cl v~ in (1. i9) can be rep laced  by a t e n s o r  having 
the s y m m e t r y  of eoV(el-zfl. Retaining the same  notat ion 
cl va#fi,  we wr i te  

c ~ ( x ,  x') = Co~*~'~(x--x ') + c l ~ ' ~ ( z ,  x'). (1.20) 

For  the e las t ic  energy  ~ we now have 

2q) = <ev~ ]c ~Fo [%~). (1.21) 

Hence it follows that the equat ions of mot ion are  
wr i t t en  in the form 

p (x) 6~u~ "" (x) - -  0~a ~= (x) = q~ (x), (1.22) 

where  

a ~' (x) = ~ c ~,,~ (x, x') e~ (x') dx'. (1.23) 
,1 

Obviously,  the s y m m e t r i c  t enso r  ~vc~ can be in -  
t e r p r e t e d  as the s t r e s s  t ensor ,  and re la t ion  (1.23) as 
the opera tor  Hooke's  law. 

F ina l ly ,  f rom (1.21), us ing (1.23), we find that the 
quant i ty  

cp(x) = ll~ (x) e~ (x), (1.24) 

which is  i nva r i an t  under  ro ta t ion  of the medium as a 
whole, is the e las t ic  energy densi ty .  This  proves  the 
theorem.  

Remarks. 1. Expression (1.24) shows that in this case the stress 
tensor, in complete correspondence with the local theory of elasticity, 
can also be defined as the generalized force corresponding to the 
genera iized displacement--the strain tensor. 

2. It follows from the proof that the finiteness of tiers (x, x') is 
not a necessary condition. It can be weakened by assuming only the 
analytieity of 4)1 a8 (k, k'). 

3. The fact that the displacement is the only function determining 
the state of the medium was put to important use in the proof, there- 
fore the latter does not extend to cases of internal stresses and media 
of complex structure. 

2. We wil l  cons ide r  the impor tan t  p rac t i ca l  model  
of point  defects in a homogeneous med ium with spat ia l  
d i spe rs ion .  

It i s  a s sume d  that an e l emen ta ry  unit  of length a 
exis ts  in the med ium.  This  is equivalent  to the a s -  
sumpt ion that the F o u r i e r  t r a n s f o r m s  of a d m i s s i b l e  
funct ions a r e  nonzero  only in a ce r t a in  f ini te  ne igh-  
borhood B of the coordinate  or ig in  of k - space  [1]. Thus ,  
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for a r e g u l a r  la t t ice  the r eg ionB is a t h r e e - d i m e n s i o n -  
al i c t u s ,  and for  an i so t rop ic  med ium (Debye model) a 
sphere .  In all  cases  the c h a r a c t e r i s t i c  d imens ion  of 
the r eg ion  B is of the o rder  of a -1.  

We note one impor t an t  consequence of the ex is tence  
where  

of an e l e m e n t a r y  unit  of length. In the case of a d m i s -  
s ible  funct ions  the ro le  of the 5- funct ion  is  played by 
the r e g u l a r  function 5B(x), whose specif ic  fo rm de-  
pends only on the reg ion  B. For  example,  for an 
i so t rop ic  model  (r = I x J, ~t = va -1) 

~ (s in•  ) 
8~ (x) = 2~r~ xr cos • (2. i )  

and the exp re s s ion  for 6B(x) for  a r e g u l a r  la t t ice  is  
given in [1]. When a--- 0 the 5-funct ion coincides  with 
the usual  fo rm.  In what follows the subsc r ip t  B for 
the 6-funct ion wil l  be omit ted.  

We wil l  s t a r t  by a s s u m i n g  that a s ingle  defect  ex-  
i s t s  in the med ium at the point x = x 0 , and for  the 
t ime  being we wil l  confine ou r se lves  to the case  of 
s ta t ics .  Then  the s imples t  model  of a point defect 
can be r e p r e s e n t e d  in the fo rm (v = a 3) 

c ~ ' ~  (x, x ' )  = c 0 ~  ~',~ (x - -  x ' )  + 

+ vci ~ 6 ~x - -  Xo) 6 (x' - -  xo). (2.2) 

Here ,  the t e n s o r  ciVa#f has the d imens ion  of a mod-  
ulus of e las t i c i ty  and c h a r a c t e r i z e s  the change in the 
e las t ic  p rope r t i e s  of the med ium in the neighborhood 
of the defect.  Compar i son  with (1.13) shows that co r -  
r ec t  to the mul t ip l i e r  v ct vc~gfi coincides  with Czaflu~(0), 
and r ~flX~M = 0. Cons ider ing  the s y m m e t r y  of ~l aCp~ 
and re la t ion  (1.8), we conclude that ciUa/lflis sym-  
m e t r i c  with r e spec t  to the ind ices  of the f i r s t  and sec-  
ond pa i r s  and with r e spec t  to t r anspos i t i on  of the pa i r s ,  
i. e . ,  has the s y m m e t r y  of the usual  e las t ic  cons tan t  
tensor �9  We note that a m o r e  complex model  of a point 
defect is obtained if we include t e r m s  with de r iva t ives  
of the 6- func t ion  in  (2.2). 

�9 o , 
Assuming  that the G r e e n ' s  t enso r  Gc~/j(x - x ) for 

a homogeneous  med ium is known, we wil l  cons t ruc t  
the G r e e n ' s  t enso r  G~fl (x, x ~) for a med ium with a 
defect.  In the case  of an i so t rop ic  med ium and, in 
pa r t i cu l a r ,  for a Debye model  the exp res s ion  G ~ f  (x) 
can be wr i t t en  in expl ic i t  form�9 

F r o m  (1.15), us ing  (2.2) and (1.16), we find the 
equation for the s ta t ic  G r e e n ' s  t e n s o r  

O~ f c o " ~  (x - -  y) O~G~3 (y, z ' )  dy -l- 

+vcl~)~v "~ 0~6 (x - -  xo) O~G~.~ (x, x')  = - -  6:~z5 (x - -  z ' ) .  (2.3) 
where  

Applying G"afi (x - x v) to both s ides gives 

C-~ (x, z') - -  vci~,~:zOv a s  (z - -  xo) O,,G,.) ,~ (xo, x') = 

= a ~  (x - -  x'). (2.4) 

This  exp res s ion  conta ins  the unknown quant i ty  
0(~GA) fl (x 0 ,x ') .  In o rder  to find it ,  we take the s y m -  
m e t r i c i z e d  g rad ien t  of both s ides of the equation and 

set x = x 0 . We obtain the a lgebra ic  equation 

~ 

= ~c,.G~) ,~ (xo - -  x ' ) ,  (2.5) 

(2.6) 

Solving Eq. (2.5) and subs t i t u t i ng the  r e s u l t  into (2~ 
we wr i t e  the f inal  expres s ion  for G~fi (x, x') in the form 

G ~  (x, x') = G~  ( z - -  x') + 

+ O.,G].~ ix - -  :Co) P~;~'O~,G;; (.co - -  x'). (2.7) 

Here ,  the cons tan t  t e n s o r  pv#M- has the s y m m e t r y  
of the eIas t ie  cons tant  t enso r  and is given by 

~ U -1 b \-1 (2.8) 

The t e n s o r  bv#x~- is  the i n v e r s e  of cl  vpx'r.  
In de r iv ing  the exp res s ion  for G a f  (x, x') we i m -  

p l ic i t ly  a s s u m e d  the ex is tence  of an e l e m e n t a r y  unit  
o 

of length.  As a r e s u l t  of this  a s sumpt ion  G a f  f (x) is 
an en t i re  analy t ic  funct ion [1] and the de r iva t ives  at 
ze ro  a r e  f ini te .  It follows f rom (2.7) that G a f  f (x, x') 
is a lso an en t i r e  funct ion of x, x ' .  At the same  t ime ,  
G a f  f (x, x') depends nonana ly t i ca l ly  on the p a r a m e t e r  
a. It i s  easy  to show that  VG~ ~ a -~,  g ~  v -1  and, 
consequent ly ,  P ~ v. As a ~ 0 the second t e r m  in 
(2.7) tends  to zero  as a 3 for  the points  x, x'  r x 0, and 
as a f o r t h e p o i n t s x = x 0 ,  x'  Cx  0 o r x  ~ x 0, x ' = x  0, and 
tends to inf in i ty  as a -1 for the point x = x 0, x'  = x 0. 

The dynamic  G r e e n ' s  t e n s o r  for a point  defect can 
be s i m i l a r l y  cons t ruc ted .  In th is  ins tance  it is d e s i r -  
able to cons ide r  the two cases  sepa ra te ly .  If the den-  
sity is cons tant  and the defect is due only to a change 
in the e las t ic  p rope r t i e s  of the med ium,  the exp res s ion  
for the dynamic  GreenVs t e n s o r  G a f  f (x, x ' ,  co), where  
co is  the f requency ,  coincides  with (2.7) with G~f  (x) 
rep laced  by the dynamic  Green t s  t e n s o r  of the homo-  
geneous med ium G~fi (x, co). Cor respond ing ly ,  P will  
be a funct ion of co d e t e r m i n e d  by the re l a t ion  (2.8). 

In the other case,  when c (x, x') = c o (x - x'),  and 
the dens i ty  has the form 

~) ( Z )  = P0 + V~)16 (X - -  Z{}) , ( 2 .  9 )  

we find for the GreenVs t enso r  

G~,~ (z,  .r', (,)) = G~,~ (~: - - / ,  (o) + 

+ G:~ (," .~,,, (*) ~"~ ~ - -  P (co) G~,~ (.to - -  z ' ,  ~ o ) ,  (2.10) 

pvr (o,)= [(vpl~o")~-'6,~, - -  Gv,: ((), (,))]-1. (2.11) 

The exp res s ion  for  the GreenVs t e n s o r  in the g e n e r -  
aL case ,  when the re  is  both a m a s s  defect and an e l a s -  
t ic modulus  defect,  i s  r a t h e r  c lumsy  and the re fo re  has 
been omit ted .  

We will now cons ider  the case  of s eve ra l  defects--  
to be speci f ic ,  defects of the e las t ic  modul i .  For  s i r e -  
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pl ici ty ,  m o r e o v e r ,  we wil l  confine ou r se lves  to wr i t ing  
the s ta t ic  G r e e n ' s  t enso r .  Let 

i 
(2.12) 

Omitt ing the s t ra igh t fo rward ,  but c u m b e r s o m e  
ca lcula t ions ,  we give the f inal  r e s u l t  

G~(~, S )  = G ~ ( x - -  z') + 

+ Y, (x - -  x i )  P ~  " ~ ' O~G~ (x~ --  x ). (2.13) 

Here ,  the m a t r i x  Pij is the i n v e r s e  of the m a t r i x  

= + ( 2 . 1 4 )  
where 

- -  [ O ~ O ~ G ~ :  ( z~  - -  x~)](v~)(x~), ( 2 .15 )  

and the t en so r s  b!,#)t~_ a re  the i nve r se  of e l  ~2~." 
For  the impor tan t  case  of two defects (i, j = 1, 2), 

the expres s ions  for  ca lcu la t ing  the components  Pij 
can be subs tan t ia l ly  s impl i f ied  by r e p r e s e n t i n g  them 
in the fo rm (i ~ j) 

P~i = ( R ~ s -  B ! i I ~ R i , )  -~ , 

P~j - (Rj~ - -  R:jRiT~R.) -x. (2.16) 

The G r e e n ' s  t enso r  for the case  of m a s s  defects  
has a s i m i l a r  s t r uc tu r e .  

In conclus ion,  we p resen t  the equations for the 
energy and in te rac t ion  forces  of the defects ,  which 
a re  expl ici t ly  exp re s sed  in t e r m s  of the s ta t ic  G r e e n ' s  
t ensor .  

The energy ~ of an a r b i t r a r y  sys t em of ex te rna l  
forces  of dens i ty  qa (x) can be wr i t t en  in the fo rm 

2 (9=<e~ l z~ >=<u ~[q ~>=<q ~]G~]q 3 >.  (2.17) 

Let a defect at the point x 0 be assoc ia ted  with a 
force  dipole of dens i ty  

q~ (x) = - -  Q~ o~ 6 (x - -  xo). (2.18) 

Here,  QUa = Q a ;  is the dipole moment .  Then for the 
s e l f - ene rgy  of the defect f rom (2.17) we find 

where  
g ~  = [O~O/G,z (xo, xo)](~)I~). (2.20) 

F r o m  (2.19) there  follows, in pa r t i cu l a r ,  the phys-  
ical  s igni f icance  of the quant i ty  g~ gfl in (2.8). 

In the case  of a sys t em of defects the total  energy  
is wr i t t en  in the form 

where  

2(9 = ~ Q ~ Q j ~ S g ~  , ( 2 .21 )  
0 

g,~i~ _-- [O~O~'G~ (x~, xj)](~) (~). (2.22) 

We note that in the sum in (2.21) the t e r m s  with i = j 
cannot be ident i f ied with the s e l f - e n e r g y  of the defect,  
s ince in this  case  the G r e e n ' s  t enso r  is  de t e rmined  by 
the total i ty  of the defects.  

The force  act ing on a defect at the point x = x k due 
to the other defects  is  defined as 

o (9. (2.23) 

Calcula t ions  give 

[~ =~.~ Qi~Q/-~ [6~OzO~O~'G~ (x~, x j ) - k G ~  (x~, xj)], (2.24) 
{i 

where 

Gx~ (x, x') (2.25) 
1 0 
20xk ), Ga~ (x, x ' ) .  
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